THE WEIGHT FILTRATION FOR REAL ALGEBRAIC VARIETIES 

CLINT MCCRORY AND ADAM PARUSINSKI 

Abstract. Using the work of Guillen and Navarro Aznar we associate to each real 
algebraic variety a filtered chain complex, the weight complex, which is well-defined 
up to filtered quasi-isomorphism, and which induces on Borel-Moore homology with Z2 
coefficients an analog of the weight filtration for complex algebraic varieties. 

The weight complex can be represented by a geometrically defined filtration on the 

sjj ' complex of semialgebraic chains. To show this we define the weight complex for Nash 

J.—S , manifolds and, more generally, for arc-symmetric sets, and we adapt to Nash manifolds 

r\l ' the theorem of Mikhalkin that two compact connected smooth manifolds of the same 

5, , dimension can be connected by a sequence of smooth blowups and blowdowns. 

Cy ' The weight complex is acyclic for smooth blowups and additive for closed inclusions. 

As a corollary we obtain a new construction of the virtual Betti numbers, which are 

additive invariants of real algebraic varieties, and we show their invariance by a large 

class of mappings that includes regular homeomorphisms and Nash diffeomorphisms. 
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The weight filtration of the homology of a real variety was introduced by Totaro [35) . He 



■^ ' used the work of Guillen and Navarro Aznar [13] to show the existence of such a filtration, 

,J^ ■ by analogy with Deligne's weight filtration for complex varieties [S], as generalized by 

Cd , Gillet and Soule [12]. There is also earlier unpublished work on the real weight filtration 

by M. Wodzicki, and more recent unpublished work on weight filtrations by Guillen and 

Navarro Aznar [14] . 
CN ■ Totaro's weight filtration for a compact variety is associated to the spectral sequence 

of a cubical hyperresolution. For complex varieties this spectral sequence collapses with 



> 



(N 



f^ , rational coefficients, but for real varieties, where it is defined with Z2 coefficients, the 



spectral sequence does not collapse in general. We show, again using the work of Guillen 
and Navarro Aznar, that the weight spectral sequence is itself a natural invariant of a 



(^ ■ real variety. There is a functor that assigns to each real algebraic variety a filtered chain 

00 , complex, the weight complex, that is unique up to filtered quasi-isomorphism, and functo- 

^"^ ' rial for proper regular morphisms. The weight spectral sequence is the spectral sequence 

associated to this filtered complex, and the weight filtration is the corresponding filtration 
^ ' of Borel-Moore homology with coefficients in Z2. 

j^ . To apply the extension theorems of Guillen and Navarro Aznar [I3j , we work in the cat- 

egory of schemes over M, for which one has resolution of singularities, the Chow-Hironaka 
Lemma (c/. [13] (2.1.3)), and the compactification theorem of Nagata [26]. We obtain the 
weight complex as a functor of schemes and proper regular morphisms. 

Using the theory of Nash constructible functions, we extend the weight complex functor 
to Kurdyka's larger category of AS (arc-symmetric) sets ([H], [H]), and we obtain in 
particular that the weight complex is invariant under regular rational homeomorphisms of 
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2 CLINT MCCRORY AND ADAM PARUSINSKI 

real algebraic sets in the sense of Boclinak-Coste-Roy [5j. We give a geometric chain- level 
description of the weight filtration of the complex of semialgebraic chains. 

The characteristic properties of the weight complex describe how it behaves with respect 
to generalized blowups (acyclicity) and inclusions of open subvarieties (additivity). The 
initial term of the weight spectral sequence yields additive invariants for real algebraic 
varieties, the virtual Betti numbers [2^. Thus we obtain that the virtual Betti numbers 
are invariants of regular homeomorphims of real algebraic sets. For real toric varieties, 
the weight spectral sequence is isomorphic to the toric spectral sequence introduced by 
Bihan, Franz, McCrory, and van Hamel [1]. 

In section [T] we prove the existence and uniqueness of the filtered weight complex of 
a real algebraic variety. The weight complex is the unique acyclic additive extension to 
all varieties of the functor that assigns to a nonsingular projective variety the complex of 
semialgebraic chains with the canonical filtration. 

In section [2] we characterize the weight filtration of the semialgebraic chain complex 
using resolution of singularities. 

In section [3] we introduce the Nash constructible filtration of semialgebraic chains, fol- 
lowing Pennanea'ch [3D], and we show that it gives the weight filtration. A key tool is 
Mikhalkin's theorem [23] that any two connected closed C°° manifolds of the same dimen- 
sion can be connected by a sequence of blowups and blowdowns. 

In section we show that for a real toric variety the Nash constructible filtration is the 
same as the filtration on cellular chains defined by Bihan et al. using toric topology. 

We thank Michel Coste for his comments on a preliminary version of this paper. 

1. The homological weight filtration 

By a real algebraic variety we mean a reduced separated scheme of finite type over M. 
By a compact variety we mean a scheme that is complete (proper over M). We adopt the 
following notation of Guillen and Navarro Aznar |13j . Let Schc(M) be the category of real 
algebraic varieties and proper regular morphisms, i. e. proper morphisms of schemes. By 
Reg^Q^p(R) we denote the subcategory of compact nonsingular varieties, and by V(M) 
the category of projective nonsingular varieties. A proper morphism or a compactification 
of varieties will always be understood in the scheme-theoretic sense. 

In this paper we are interested in the topology of the set of real points of a real algebraic 
variety X. Let X_ denote the set of real points of X. The set X, with its sheaf of regular 
functions, is a real algebraic variety in the sense of Bochnak-Coste-Roy [5]. For a variety 
X we denote by C.^{X) the complex of semialgebraic chains of X with coefficients in Z2 
and closed supports. The homology of C.f{X) is the Borel-Moore homology oi X_ with Z2 
coefficients, and will be denoted by H^,[X). 

1.1. Filtered complexes. Let C be the category of bounded complexes of Z2 vector 
spaces with increasing bounded filtration, 

K^ = ■ ■ ■ ^ Kq ^ Ki ^ K2 < , • • • C Fp^iK^ C FpK^ C Fp+iK^ C • • • . 

Such a filtered complex defines a spectral sequence {E"^ , (F}, r = 1,2,..., with 
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that converges to the homology of K^, , 

^ Fp{Hp + gK^) 

where Fp{HnK^) = lma,ge[Hn{FpK^) -^ Hn{K^)] {cf. [20], Thm. 3.1). A quasi-isomor- 
phism in C is a filtered quasi-isomorphism, i. e. a morphism of filtered complexes that 
induces an isomorphism on E^ . Thus a quasi-isomorphism induces an isomorphism of the 
associated spectral sequences. 

Following Guillen and Navarro Aznar ([13], (1.5.1)) we denote by HoC the category C 
localised with respect to filtered quasi-isomorphisms. 

Every bounded complex K^ has a canonical filtration [8] given by: 



F^'^^'K, 



K, 


'\iq> -p 


keidq 


ifq=-p 





ii q < —p 



We have 



F^^^K, \ _ I Hp+g{K,) iip + q = -p 



\jpccmj^^ J j Q otherwise 

Thus a quasi-isomorphism of complexes induces a filtered quasi-isomorphism of complexes 
with canonical filtration. 

To certain types of diagrams in C we can associate an element of C, the simple filtered 
complex of the given diagram. We use notation from [T3]. For n > let D^ be the partially 
ordered set of subsets of {0, 1, . . . , n}. A cubical diagram of type D^ in a category Af is a 
contravariant functor from n+ to X. If /C is a cubical diagram in C of type n+, let K^^s 
be the complex labelled by the subset S" C {0, 1, . . . n}, and let |5| denote the number of 
elements of 5. The simple complex s/C is defined by 

s /Cfc = ^ K^i,s 

i+\S\-i=k 

with differentials d : s/C^ — > slCk~i defined as follows. For each S let d' : Ki^s ~^ ^i-i,S 
be the differential of K^:^s- HT C S and |r| = l^l — 1, let dT,s '■ K^s -^ K:^^t be the chain 
map corresponding to the inclusion of T in 5. If a e i^i,s, let 

d"ia) = ^dT,sia), 

where the sum is over all T C S such that \T\ = \S\ — 1, and 

d{a) = d'{a) + d"{a). 

The filtration of s/C is given hy FpSiC = sFpIC, 

{FpslC)k= Fp(/C.,5). 

i+\S\~l=k 
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1.2. The ■weight complex. To state the next theorem, we only need to consider diagrams 
in of type O'^ or type Of . The inclusion of a closed subvariety Y C X is a n|j"-diagram 
in Schc(M). An acyclic square ([l3], (2.1.1)) is a D^j^-diagram in Schc(M), 

Y ->X 
(1.2) 

y A X 

where i is the inclusion of a closed subvariety, Y = tt~^(Y), and the restriction of vr is an 
isomorphism X \Y ^> X \Y. An elementary acyclic square is an acylic square such that 
X is compact and nonsingular, Y is nonsingular, and vr is the blowup of X along Y. 

For a real algebraic variety X, let i^™"C*(X) denote the complex C*(X) of semialgebraic 
chains with the canonical filtration. 

Theorem 1.1. The functor 

F"''"a -.YiR)^ HoC 



that associates to a nonsingular projective variety M the semialgebraic chain complex of 
M with canonical filtration admits an extension to a functor defined for all real algebraic 
varieties and proper regular morphisms, 



WC^ : Schc(M) -^ HoC, 

with the following properties: 

(1) Acyclicity. For an acyclic square U.^) the simple filtered complex of the diagram 

WC^Y) -^WC^X) 



WC^Y) -^WC^X) 

is acyclic (quasi-isomorphic to the zero complex). 
(2) Additivity. For a closed inclusion Y C X , the simple filtered complex of the diagram 

WC4Y)^WC^{X) 

is quasi-isomorphic to WC^:{X \ Y). 
Such a functor WC^ is unique up to a unique quasi-isomorphism. 

Proof. This theorem follows from [13], Theorem (2.2.2)°^. By Proposition (1.7.5)°^ of |13j . 
the category C, with the class of quasi-isomorphisms and the operation of simple complex 
s defined above, is a category of homological descent. Since it factors through C, the 
functor F^""C* is ^-rectified ([13], (1.6.5), (1.1.2)). Clearly F^'^'^C* is additive for disjoint 
unions (condition (Fl) of |13]). It remains to check condition (F2) for F™"C^=, that the 
simple filtered complex associated to an elementary acyclic square is acyclic. 

Consider the elementary acyclic square (II. 2p . Let /C be the simple complex associated 
to the n^-diagram 



F™"C,(y) ^F^''"a(X) 
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By definition of the canonical filtration, for each p we have {FpSlC)k/{Fp^i slC)k 7^ only 
for —p + 2 > fc > —p — 1, and the complex {Ep^, dP) has the following form: 



(Fps/C)_p+2 {FpslC)-p+i (Fps/C)_p (Fps/C)_p_i 



0. 



(Fp_is/C)_p+2 {Fp-islC)-p+i (Fp_is/C)_p (Fp_is/C)_p_i 
A computation gives 

H-p+2{Ep^^) = 

F_p+i(i?o J = Ker[/7_p(y) ^ ii'_p(y) e F_p(X)] 

H^p{El,) = KeT[H^p{Y) e ii'-p(X) ^ ii-_p(X)]/Im[i7_p(y) ^ i7_p(y) e H^p{X)] 

H^p-i{El,) = H^p{X)/lm[H^p{Y) H^p{X) ^ i:f-p(X)]. 

These groups are zero because for all k we have the short exact sequence of an elementary 
acyclic square, 

(1.3) ^ Hk{Y) ^ Hk{Y) Hk{X) ^ Hk{X) ^ 

(c/. [23], proof of Proposition 2.1). D 

Remark 1.2. The above argument shows that the functor F'^"'"' is acyclic on any acyclic 
square ()1.2p . provided the varieties X, y, X,y are nonsingular and compact. 

If X is a real algebraic variety, the weight complex of X is the filtered complex >VC*(X). 
A stronger version of the uniqueness of WC* is given by the following naturality theorem. 



Theorem 1.3. Let A^, B^ : V(]R) -^ C he functors such that their localizations V( 
HoC satisfy the disjoint additivity condition (Fl) and the elementary acyclicity condition 
(F2). If T : Ait ^f B^ is a morphism of functors, then the localization of t extends uniquely 
to a morphism r' : WA* -^ VS^B^. 

Proof. This follows from (2.1.5)°^ and (2.2.2)°p of [B]. D 

Thus if r : A.^,[M) — > B^,[M) is a quasi- isomorphism for all nonsingular projective 
varieties M, then r' : yVyl*(X) -^ 'V\^Bn,{X) is a quasi-isomorphism for all varieties X. 

Proposition 1.4. For all real algebraic varieties X, the homology of the complex VVC*(X) 
is the Borel-Moore homology of X with Z2 coefficients, 

Hn{WC,{X)) = Hn{X). 

Proof. Let V be the category of bounded complexes of Z2 vector spaces. The forgetful 
functor C — s- 2? induces a functor Lp : HoC — > HoV. To see this, let A'^,, B^ be filtered 
complexes, and let A^ = ^{A'^) and B^ = Lp{B'^). A quasi-isomorphism f : A'^ —^ B'^ 
induces an isomorphism of the corresponding spectral sequences, which implies that / 
induces an isomorphism H^,{A^,) -^ H^{B^); in other words / : ^* — > 5* is a quasi- 
isomorphism. 

Let C* : Schc(M) — > HoV be the functor that assigns to every real algebraic variety 
X the complex of semialgebraic chains C*(X). Then C* satisfies properties (1) and (2) 
of Theorem 11.11 Acyclicity of C* for an acyclic square (II. 2p follows from the short exact 
sequence of chain complexes 

^ a(y) ^ a(y) c^x) -^ c^x) -^ o. 
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The exactness of this sequence foUows immediately from the definition of semialgebraic 
chains. Similarly, additivity of C* for a closed embedding Y ^ X follows from the short 
exact sequence of chain complexes 

^ c,{Y) -^ a(x) ^ c,{x \ y) ^ 0. 

Now consider the functor WC^, : Schc(K) -^ HoC given by Theorem II. 1[ The functors 
f o WC* and C, : Schc(M) -^ HoV are extensions of C^ : V(M) -^ HoV, so by [13] 
Theorem (2.2.2)°^ we have that (p(WC:,{X)) is quasi-isomorphic to C^{X) for ah X. Thus 
H^{WC^{X)) = H^{X), as desired. D 

1.3. The weight spectral sequence. If X is a real algebraic variety, the weight spectral 
sequence of X, {E'^,d'^}, r = 1,2,..., is the spectral sequence of the weight complex 
WC^:{X). It is well-defined by Theorem ll.il and it converges to the homology of X by 
Proposition II. 4[ The associated filtration of the homology of X is the weight filtration: 

= W^k-iHk{X) C W-kHk{X) C • • • C WoHkiX) = Hk{X), 

where Hj^{X) is the homology with closed supports (Borel- Moore homology) with coeffi- 
cients in Z2. (We will show W^k-iHtiX) = in Corollary 11.101 below.) The dual weight 
filtration on cohomology with compact supports is discussed in |23j . 

Remark 1.5. By analogy with Deligne's weight filtration on the cohomology of a complex 
algebraic variety [9] , there should also be a weight filtration on the homology of a real al- 
gebraic variety with classical compact supports and coefficients in Z2 (dual to cohomology 
with closed supports). We plan to study this filtration in subsequent work. 

The weight spectral sequence Ep^ is a second quadrant spectral sequence. (We will 
show in Corollary 11.101 that if £'p 7^ then (p, q) lies in the closed triangle with vertices 
(0, 0), (0, d), {—d, 2d), where d = dimX.) The reindexing 

p' = 2p -\- q, q' = —p, r' = r + 1 

gives a standard first quadrant spectral sequence, with 



^p',q' — ^~q',p'+2q'- 



(If -Ep/ „/ / then {p\ q') lies in the closed triangle with vertices (0, 0), (d, 0), (0, d), where 
d = dimX.) Note that the total grading is preserved: p' + q' = p + q. 

The virtual Betti numbers [23] are the Euler characteristics of the rows of E"^: 
(1.4) /3,(X)=^(-l)Pdimz,^2, 

p 
To prove this assertion we will show that the numbers (iq{X) defined by ()1.4p are additive 
and equal to the classical Betti numbers for X compact and nonsingular. 

For each g > consider the chain complex defined by the gth row of the E"^ term, 

C.{X,q) = {EX^,d\^), 

where d^^ : Ep^^ -^ Ep_ig. This chain complex is well-defined up to quasi-isomorphism, 
and its Euler characteristic is Pq{X). 

The additivity of WC^, implies that if y is a closed subvariety of X then the chain 
complex C* {X \ Y, q) is quasi-isomorphic to the mapping cone of the chain map C^, (Y, q) — > 
C^ {X, q) , and hence there is a long exact sequence of homology groups 

■ • • ^ El^iY) ^ El^iX) ^ El^{X \ Y) ^ ^p2.i,,(y) • • • . 
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Therefore for each q we have 

This is the additivity property of the virtual Betti numbers. 

Remark 1.6. Navarro Aznar pointed out to us that C*(X, q) is actually well-defined up to 
chain honiotopy equivalence. One merely applies [13], Theorem (2.2.2)"^, to the functor 
that assigns to a nonsingular projective variety M the chain complex 

(hJM) k = 

in the category of bounded complexes of Z2 vector spaces localized with respect to chain 
honiotopy equivalences. This striking application of the theorem of Guillen and Navarro 
Aznar led to our proof of the existence of the weight complex. 

We say the weight complex is pure if the reindexed weight spectral sequence has Ep„ = 
for p 7^ 0. In this case the numbers f3q{X) equal the classical Betti numbers of X. 

Proposition 1.7. If X is a compact nonsingular variety, the weight complex 'WC^{X) is 
pure. In other words, if k ^ —p then 

f W.C.jX) \_ 

^^ Up-ia(x)j - °- 

Proof. For X projective and nonsingular, the filtered complex yVC^{X) is quasi-isomorphic 
to C^{X) with the canonical filtration. The inclusion V(R) -^ Reg^^ (M) has the ex- 
tension property of [E] (2.1.10); the proof is similar to [T3] (2.1.11). Therefore by [13] 
Theorem (2.1.5)°^, the functor F'^'^^C* : V(R) -^ HoC extends to a functor Regc„^p(M) -^ 
HoC that is additive for disjoint unions and acyclic, and this extension is unique up to 
quasi-isomorphism. But F^'^'^C^ : Reg^Q„p(M) -^ HoC is such an extension, since F^^^-C^ 
is additive for disjoint unions in ReggQ^p(IR) and acyclic for acyclic squares in ReggQ„p(M) 
(c/. the proof of Theorem 11.11 and Remark II. 2p . D 

If X is compact, we will show that the reindexed weight spectral sequence Ep is 
isomorphic to the spectral sequence of a cubical hyperresolution of X |13) (c/. |32j . ch. 5). 

A cubical hyperresolution of X is a special type of D^-diagram with final object X 
and all other objects compact and nonsingular. Removing X gives a D^-diagram, which 
is the same thing as a A„-diagram, i.e. a diagram labelled by the simplices contained in 
the standard n-simplex A„. (Subsets of {0, 1, . . . ,n} of cardinality i + 1 correspond to 
i-simplices.) 

The spectral sequence of a cubical hyperresolution is the spectral sequence of the filtered 
complex {C^,,F), with C^ = 0j_|_j=fc CjX^^\ where X^'^' is the disjoint union of the objects 
labelled by z-simplices of A„, and the filtration F is by skeletons, 

FpCk = ^Ck-^X^'^ 

i<p 

The resulting first quadrant spectral sequence Epg converges to the homology of X, and 
the associated filtration is the weight filtration as defined by Totaro |35j . 

Let d = & + d" be the boundary operator of the complex C*, where d[ : CjX^^' — > 
CjX^^~^^ is the simplicial boundary operator, and d'' : CjX^'^^ -^ Cj-iX'^^^ is (—1)* times 
the boundary operator on semialgebraic chains. 
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Proposition 1.8. If X is a compact variety, the weight spectral sequence E of X is 
isomorphic to the spectral sequence E of a cubical hyperresolution of X, 

^p,q — ^2p+q-p- 

Thus El^ = Ep , the reindexed weight spectral sequence introduced above. 

Proof. The acyclicity property of the weight complex ((1) of Theorem II. ip imphes that 
WC* is acychc for cubical hyperresolutions (see |13j . proof of Theorem (2.1.5)). In other 
words, if the functor WC^, is applied to a cubical hyperresolution of X, the resulting n+- 
diagram in C is acyclic. This says that WC=k(X) is filtered quasi-isomorphic to the total 
filtered complex of the double complex WCij = WCjX^^'. Since the varieties X'*' are 
compact and nonsingular, this filtered complex is quasi-isomorphic to the total complex 
Ck = ©j+j=fc CjX^'i with the canonical filtration, 

Fp^""C7fc = Kevd% e CjX'^^-^l 
j>~p 
Thus the spectral sequence of this filtered complex is the weight spectral sequence E^ . 

We now compare the two increasing filtrations F'^"''^ and F on the complex C*. The 
weight spectral sequence E is associated to the filtration F'^"-"', and the cubical hyperreso- 
lution spectral sequence E is associated to the filtration F. We show that F'^"''^ = Dec (F), 
the Deligne shift of F (c/. [H] (1.3.3), [35] A.49). 
Let F' be the filtration 

F^Ck = Zlk-p = Ker[5 : FpC,. ^ Cfc_i/Fp_iCfc_i], 

and let E' be the associated spectral sequence. By definition of the Deligne shift, 

F;Cfc = DecFp_,.Cfc. 

Now since d = d' + d" it follows that 

FpCk = Fp'^ICk, 

and F^'^Ck = F^^Ck, where p + q = k. Thus we can identify the spectral sequences 

(^0;+/ = EL,^p+2q {r > 1). 

On the other hand, the inclusion F'Ck -^ FpCk induces an isomorphism of spectral se- 
quences 

{EX,q = E;,q (r>2). 

D 



Example 1.9. If X is a compact divisor with normal crossings in a nonsingular variety, a 
cubical hyperresolution of X is given by the decomposition of X into irreducible compo- 
nents. (The corresponding simplicial diagram associates to an i-simplex the disjoint union 
of the intersections of i + 1 distinct irreducible components oi X.) The spectral sequence 
of such a cubical hyperresolution is the Mayer- Vietoris (or Cech) spectral sequence associ- 
ated to the decomposition. Example 3.3 of [23| is an algebraic surface X in affine 3-space 
such that X is the union of three compact nonsingular surfaces with normal crossings 
and the weight spectral sequence of X does not collapse, i.e. E'^ ^ E°° . The variety 
[/ = M^ \ X is an example of a nonsingular noncompact variety with non-collapsing weight 
spectral sequence. (The additivity property (2) of Theorem 11.11 can be used to compute 
the spectral sequence of U .) 
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Corollary 1.10. Let X be a real algebraic variety of dimension d, with weight spectral 
sequence E and weight filtration W. For all p, q, r, if E^^ ^ then p < and —2p < q < 
d — p. Thus for all k we have W-k-iHki^) = 0. 

Proof. For X compact this follows from Proposition 11.81 and the fact that Ep ^ implies 
p > and < q < d — p. If [/ is a noncompact variety, let X be a real algebraic 
compactification of U, and let Y = X \U. We can assume that dim Y < d. The corollary 
now follows from the additivity property of the weight complex (Theorem ll.il (2)). D 



2. A GEOMETRIC FILTRATION 

We define a functor 

gC, : Schc(M) ^ C 

that assigns to each real algebraic variety X the complex C*(X) of semialgebraic chains 
of X (with coefficients in Z2 and closed supports), together with a filtration 

(2.1) = g-k-iCk{x) c g-kCk{x) c g-k+iCk{x) c • • • c goCk{x) = Ck{x). 

We prove in Theorem 12.81 that the functor ^C# realizes the weight complex functor WC^, : 
Schc(M) — > HoC given by Theorem II. 1[ Thus the filtration g^, of chains gives the weight 
filtration of homology. 

2.1. Definition of the filtration g^. The filtration will first be defined for compact 
varieties. Recall that X denotes the set of real points of the real algebraic variety X. 

Theorem 2.1. There exists a unique filtration ()2.ip on semialgebraic 'L2-chains of com- 
pact real algebraic varieties with the following properties. Let X be a compact real algebraic 
variety and let c E Ck{X). Then 

(1) If Y d X is an algebraic subvariety such that Suppc C Y_ then 

cegpCk{X)^^cegpCk{Y). 

(2) Let dimX = k and let tt : X ^ X be a resolution of X such that there is a normal 
crossing divisor D C X with Supp9(7r~^c) C D.- Then for p > —k, 

c G gpCk{x) ^^ d{^-^c) G gpCk-i{D). 

We call a resolution tt : X ^ X adapted to c G Ck{X) if it satisfies condition (2) above. 
For the definition of the support Suppc and the pullback 7r~^c see the Appendix. 

Proof. We proceed by induction on A:. If A: = then = ^_iCo(X) C goCo{X) = Co{X). 
In the rest of this subsection we assume the existence and uniqueness of the filtration for 
chains of dimension < A;, and we prove the statement for chains of dimension k. 

Lemma 2.2. Let X = IJi=i -^i where Xi are subvarieties of X. Then for m < k, 

C G gpCm(X) ^^ V, C\x, G gpCmiXi) 

Proof. By (1) we may assume that dimX = m and then that all Xi are distinct of 
dimension m. Thus an adapted resolution of X is a collection of adapted resolutions of 
each component of X. D 

See the Appendix for the definition of the restriction cjx^- 
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Proposition 2.3. The filtration Qp given by Theorem \2.1\ is functorial; that is, for a reg- 
ular morphism f : X -^ Y of compact real algebraic varieties, f*{GpCm{X)) C QpCmiX), 
for m < k. 

Proof. We prove that if the filtration satisfies the statement of Theorem 12.11 for chains of 
dimension < k and is functorial on chains of dimension < k — 1 then it is functorial on 
chains of dimension k — 1. 

Let c G Ck-i{X), and let / : X — > y be a regular morphism of compact real algebraic 
varieties. By (1) of Theorem 12. II we may assume dimX = dimy = k — 1 and by Lemma 
12.21 that X and Y are irreducible. We may assume that / is dominant; otherwise /=^c = 0. 
Then there exists a commutative diagram 

X ^ Y 



X ^ Y 
where ttx is a resolution of X adapted to c and vry a resolution of Y adapted to /*c. Then 

c € GpiX) 4^ d{7T^^c) e GpiX) ^ /, diTT^^c) E GpiY), 

f*d{TT^c) = df^{TT^c) = (9(7ryV*c), 

a(7r^V,c) E Gp{Y) ^ f,c G GpiY), 

where the implication in the first line follows from the inductive assumption. D 

Corollary 2.4. The boundary operator d preserves the filtration Gp, 

dGpCmiX)) C GpCm-l{X), 

for m < k. 

Proof. Let vr : X — > X be a resolution of X adapted to c. Let c = vr'^c. Then c = 7r^,c 
and 

c ^ Gp '^ dc ^ Gp ^ dc = dir^c = n^dc G Gp- 

D 

Let c G Ck{X), dimX = k. In order to show that the condition (2) of Theorem 12.11 is 
independent of the choice of vf we need the following lemma. 

Lemma 2.5. Let X be a nonsingular compact real algebraic variety of dimension k and let 
D C X be a normal crossing divisor. Let c G Ck{X) satisfy Supp9c C D. Let tt : X ^> X 
be the blowup of a nonsingular subvariety C <Z X that has normal crossings with D. Then 

dc G GpCk-i{X) ^^ 9(vr-^(c)) G GpCk-i{X). 

Proof. Let D = 71^^(0). Then D = E U |Jl)j, where E = tt~^{C) is the exceptional 
divisor and Di denotes the strict transform of Di. By Lemma 12.21 



dc G GpCk-i{x) ^^ y^^c\D, G GpCk-i{D,). 

Let diC = dc\Di- The restriction vtj = 7r|^ : Di ^> Di is the blowup with smooth center 
C n Di. Hence, by inductive assumption, 

d{dic) G GpCk-2{Di) ^^ dTTr\d,c) = d{d{TT-\c))\^;) G GpCk-2{Di) 
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By the inductive assumption of Theorem 12.11 

d{dic) G gpCk^2{Di) ^^ diC G GpCk-iiDi), 

and we have similar properties for 9(7r~^(c))|^. and d{7r~^{c))\E- 
Thus to complete the proof it suffices to show that 

y,d{d{7r-Hc)\f,j G gpCk^2{Di) =^ d{d{n-\c)\E) g gpCk-2{E). 

This follows from = a(a7r-i(c)) = 5 fe- a(7r^i(c)|^^ + ^(^-^(c)!^). D 

Let TTi : Xi ^ X, i = 1,2, be two resolutions of X adapted to c. Then there exists 
a : Xi -^ Xi, the composition of finitely many blowups with smooth centers that have 
normal crossings with the strict transforms of all exceptional divisors, such that tti o a 
factors through X2, 

X, ^ X, 



TTl 



X2 ^ X 
By Lemma 12.51 

d{7T^\c)) G GpCk-iiXi) ^ d{a-\7T^\c))) G GpCk-iiXi). 

On the other hand, 

p,d{a-\7r^Hc))) = pMp'\^2\c))) = d{n^\c)), 

and consequently by Proposition 12.31 we have 

d{7r^\c)) G GpCk-iiXi) =^ d{7r^\c)) G gpCk^i{X2). 

By symmetry ^(vr^ (c)) G Gp{X) =^ c^(vrf (c)) G Qp{X). This completes the proof of 
Theorem 12.11 D 

2.2. Properties of the filtration Q^,. Let U hea (not necessarily compact) real algebraic 
variety and let X be a real algebraic compactification of U. We extend the filtration Gp 
to U as follows. If c G C*(C/) let c G C*(X) be its closure. We define 

cegpCk{U)^cegpCk{X). 

See the Appendix for the definition of the closure of a chain. 

Proposition 2.6. QpCk{U) is well- defined; that is, for two compactifications Xi and X2 
ofU, 

ci G gpCkiXi) ^ C2 G gpCkiX2), 

where Ci denotes the closure of c in Xi,i = 1,2. 

Proof. We may assume that k = dim U. By a standard argument any two compactifica- 
tions can be dominated by a third one. Indeed, denote the inclusions by ij : U ^^ Xi. 
Then the Zariski closure X of the image of {11,12) in Xi x X2 is a compactification of U. 
Thus we may assume that there is a morphism / : X2 -^ Xi that is the identity on U. 
Then, by functor iality, 

C2 e QpCk{X2) ^ ci = /*(C2) G GpCk{Xi). 
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By the Chow-Hironaka Lemma there is a resolution vri : Xi -^ Xi, adapted to ci, that 
factors through /; that is, vri = f o g. Then 

ci G GpCkiXi) ^ vrf i(ci) G GpCkiXi) ^ C2 = g.{7r^Hci)) G gpCk{X2). 

D 

Theorem 2.7. The filtration Q^ defines a functor QC^, : Schc(M) -^ C with the following 
properties: 

(1) For an acyclic square < |j.i^|) the following sequences are exact: 

^ GpCkiY) ^ GpCkiY) © gpCfc(X) ^ ^pCfc(X) ^ 

Q ^ gpgfc(n , QpCkjY) GpCkiX) GpCkjX) ^ 

^ Gp-iCkiY) ^ ap-iCfe(y) gp_iCfe(x) ^ ap-iCfe(x) ^ 

(2) For a closed inclusion Y C X, with U = X \Y, the following sequences are exact: 

^ GpCk{Y) ^ GpCk{X) ^ ^pCfe(C/) ^ 

Q ^ gpCfc(y) gpCfc(x) gpCfc([/) ^ 

^P-iC'a:(^) ^p-iC'a,.(X) Gp-lCk{U) 

Proof. The exactness of the first sequence of (2) follows directly from the definitions (more- 
over, this sequence splits via c i— > c). The exactness of the second sequence of (2) now 
follows by a diagram chase. Similarly, the exactness of the first sequence of (1) follows from 
the definitions, and the exactness of the second sequence of (1) is proved by a diagram 
chase. D 

For any variety X, the filtration G* is contained in the canonical filtration, 

(2.2) GpCkiX) C F7"Cfe(X), 

since dk{G-kCkiX)) = 0. Thus on the category of nonsingular projective varieties we have 
a morphism of functors 

Theorem 2.8. For every nonsingular projective real algebraic variety M , 

a{M) : GC^iM) -^ F^^'^C,{M) 

is a filtered quasi-isomorphism. Consequently, for every real algebraic variety X the local- 
ization of a induces a quasi-isomorphism cr'{X) : GC.t{X) — > WC.t{X). 

Theorem 12.81 follows from Corollarv 13. 1 II and Corollarv l3.12l which will be shown in the 
next section. 

3. The Nash constructible filtration 

In this section we introduce the Nash constructible filtration 

(3.1) = M-k-iCk{X) c N^kCkiX) c M-k+iCk{X) c • • • c NoCk{X) = Ck{X) 

on the semialgebraic chain complex C*(X) of a real algebraic variety X. We show that 
this filtration induces a functor 

A/'C* : Schc(M) -^ C 

that realizes the weight complex functor WC* : Schc(M) — > HoC. In order to prove 
this assertion in Theorem 13. IH we have to extend 7VC* to a wider category of sets and 
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morphisms. The objects of this category are certain semialgebraic subsets of the set of real 
points of a real algebraic variety, and they include in particular all connected components of 
real algebraic subsets of MP". The morphisms are certain proper continuous semialgebraic 
maps between these sets. This extension is crucial for the proof. As a corollary we show 
that for real algebraic varieties the Nash constructible filtration AC coincides with the 
geometric filtration Q^, of Section 12.11 In this way we complete the proof of Theorem 12.81 
For real algebraic varieties, the Nash constructible filtration was first defined in an un- 
published paper of H. Pennaneac'h [30], by analogy with the algebraically constructible 
filtration ([MIj [31] )• Theorem 13.111 gives . in particular, that the Nash constructible filtra- 
tion of a compact variety is the same as the filtration given by a cubical hyperresolution; 
this answers affirmatively a question of Pennaneac'h (|30j (2.9)). 

3.1. Nash constructible functions on MP" and arc-symmetric sets. In real al- 
gebraic geometry it is common to work with real algebraic subsets of the affine space 
M" C MP" instead of schemes over M, and with (entire) regular rational mappings as 
morphisms; see for instance [3] or [5]. Since MP" can be embedded in M^ by a biregular 
rational map ([3], [5] (3.4.4)), this category also contains algebraic subsets of MP". 

A Nash constructible function on MP" is an integer-valued function ip : MP" — ;• Z such 
that there exist a finite family of regular rational mappings fi : Zi ^> MP" defined on 
projective real algebraic sets Zj, connected components Z'^ of Zj, and integers rui, such 
that for all x € MP", 

(3.2) ^ix) = ^maifrHx)r)Zl), 

i 

where x is the Euler characteristic. Nash constructible functions were introduced in |22j . 
Nash constructible functions on MP" form a ring. 

Example 3.1. 

(1) If y C MP" is Zariski constructible (a finite set-theoretic combination of algebraic 
subsets), then its characteristic function ly is Nash constructible. 

(2) A subset S C MP" is called arc-symmetric if every real analytic arc 7 : (a, h) — > MP" 
either meets S at isolated points or is entirely included in S. Arc-symmetric sets 
were first studied by K. Kurdyka in [T7]. As shown in [22], a semialgebraic set 
S C MP" is arc-symmetric if and only if it is closed in MP" and Is is Nash 
constructible. By the existence of arc-symmetric closure (c/. |17j . |19j). for a 
set S C MP" the function Ig is Nash constructible and only if S* is a finite set- 
theoretic combination of semialgebraic arc-symmetric subsets of MP". If I5 is Nash 
constructible we say that S is an AS set. 

(3) A connected component of a compact algebraic subset of MP" is arc-symmetric. A 
compact real analytic and semialgebraic subset of MP" is arc-symmetric. 

(4) Every Nash constructible function on MP" is in particular constructible (constant 
on strata of a finite semialgebraic stratification of MP"). Not all constructible 
functions are Nash constructible. By [22], every constructible function (/? : MP" — > 
2"Z is Nash constructible. 

Nash constructible functions form the smallest family of constructible functions that 
contains characteristic functions of connected components of compact real algebraic sets, 
and that is stable under the natural operations inherited from sheaf theory: pullback by 
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regular rational morphisms, pushforward by proper regular rational morphisms, restric- 
tion to Zariski open sets, and duality; see [22]. In terms of the pushforward (fiberwise 
integration with respect to the Euler characteristic) the formula (|3.2p can be expressed as 
ip = Y2i''^i fi*'^z'- Duality is closely related to the link operator, an important tool for 
studying the topological properties of real algebraic sets. For more on Nash constructible 
function see |7j and [T^ . 

If 5 C MP" is an AS set (i.e. I5 is Nash constructible), we say that a function on S 
is Nash constructible if it is the restriction of a Nash constructible function on MP". In 
particular, this defines Nash constructible functions on affine real algebraic sets. (In the 
non-compact case this definition is more restrictive than that of |22j.) 

3.2. Nash constructible functions on real algebraic varieties. Let X be a real 
algebraic variety and let X denote the set of real points on X. We call a function ip : 
X — > Z Nash constructible if its restriction to every affine chart is Nash constructible. The 
following lemma shows that this extends our definition of Nash constructible functions on 
affine real algebraic sets. 

Lemma 3.2. If Xi and X2 are two projective compactifications of the affine real algebraic 
variety U , then ip : U_^ Z is the restriction of a Nash constructible function on X_i if and 
only if if is the restriction of a Nash constructible function on X_2 ■ 

Proof. We may suppose that there is a regular projective morphism / : Xi — > X2 that is 
an isomorphism on U; cf. the proof of Proposition 12.61 Then the statement follows from 
the following two properties of Nash constructible functions. If (/?2 : 2L2 ^ Z is Nash 
constuctible then so is its pullback f*ip2 = ^2 ° f '■ ]^i -^ ^- If yi : K.i ^ Z is Nash 
constuctible then so is its pushforward /*<y9i : X_2 ^ ^- D 

Proposition 3.3. Let X be a real algebraic variety and letY C X be a closed subvariety. 
Let U = X \Y . Then i/? : X — > Z is Nash constructible if and only if the restrictions of (p 
to Y_ and U_ are Nash constructible. 

Proof. It suffices to check the assertion for X affine; this case is easy. D 

Theorem 3.4. Let X be a complete real algebraic variety. The function ip : X ^ Z is 
Nash constructible if and only if there exist a finite family of regular morphisms fi : Zi ^> X 
defined on complete real algebraic varieties Zi, connected components Z[ of Z_^, and integers 
rui, such that for all x G X, 



(3.3) ip = ^mif, 



Proof. If X is complete but not projective, then X can be dominated by a birational regular 
morphism vr : X ^ X, with X projective (Chow's Lemma). Let Y <Z X, dimy < dimX, 
be a closed subvariety such that tt induces an isomorphism X \ t:^^{Y) -^ X\Y . Then, 
by Proposition 13.31 (/? : X — > Z is Nash constructible if and only if 'K*ip and (p restricted to 
Y_ are Nash constructible. 

Let Z he a complete real algebraic variety and let / : Z ^ X be a regular morphism. 
Let Z' be a connected component of Z_. We show that 93 = f*lz' is Nash constructible. 
This is obvious if both X and Z are projective. If they are not, we may dominate both X 
and Z by projective varieties, using Chow's Lemma, and reduce to the projective case by 
induction on dimension. 
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Let (/3 : X — > Z be Nash constructible. Suppose first that X is projective. Then 
X C MP" is a real algebraic set. Let A C MP"^ be a real algebraic set and let f : A ^ 2L 
be a regular rational morphism / = g/h, where h does not vanish on A, cf. [3j. Then the 
graph of / is an algebraic subset T C MP" x MP™ and the set of real points of a projective 
real variety Z. Let A' be a connected component of A, and V the graph of / restricted 
to A'. Then /^l^i' = vr^lr', where vr denotes the projection on the second factor. 

If X is complete but not projective, we again dominate it by a birational regular mor- 
phism TT : X ^ X, with X projective. Let c^ : X — > Z be Nash constructible. Then 
(^ = (^o7r:X^Zis Nash constructible. Thus, by the case considered above, there are 
regular morphisms /j : Zj — > X, and connected components Z'^ such that 



'fix) = y^rmfi^i^. 



Then 7r*c^ = Y^- rrii 7r^:fi^:l^, and differs from f only on the set of real points of a variety of 

i 

dimension smaller than dimX. We complete the argument by induction on dimension. D 

If X is a real algebraic variety, we again say that S* C X is an AS set if 1^ is Nash 
constructible, and 93 : S ^ Z is Nash constructible if the extension of </? to X by zero is a 
Nash constructible function on X. 

Corollary 3.5. Let X, Y be complete real algebraic varieties and let S be an AS subset 
of X, and T an AS subset of y . Let ip : S ^ 7j and ip : T ^> 7^ be Nash constructible. 
Let f : S ^ T be a map with AS graph F C X x y and let ttx : X x Y ^ X and 
TTy : X xY ^Y denote the standard projections. Then 

(3.4) f,{^) = {ttyUIt ■ 7r*xf) 

(3.5) f*{iP) = {7TxUlr-7T*Yi^) 
are Nash constructible. 



3.3. Definition of the Nash constructible filtration. Denote by Xj^^s the category 
of locally compact AS subsets of real algebraic varieties as objects and continuous proper 
maps with AS graphs as morphisms. 

Let T G ^AS- We say that 99 : T ^ Z is generically Nash constructible on T in 
dimension k ii f coincides with a Nash constructible function everywhere on T except 
on a semialgebraic subset of T of dimension < k. We say that f is generically Nash 
constructible onT if ip is Nash constructible in dimension d = diniT. 

Let c G Ck{T), and let —k < p < 0. We say that c is p-Nash constructible, and write 
c G J\fpCk{T), if there exists ipc,p : T —> 2'^+pZ, generically Nash constructible in dimension 
k, such that 

(3.6) c = {x€T; <^,,p(x) ^ 2''+P+^Z}, 

up to a set of dimension less than k. The choice of ipc,p is not unique. Let Z denote 
the Zariski closure of Suppc. By multiplying (^c,p by 1^, we may always assume that 
Suppt^ C Z and hence, in particular, that dim Supp (/Jc,p < k- 

We say that c € Ck{T) is pure if c G M-kCk{T). By [19], Theorem 3.9, and the existence 
of arc-symmetric closure, cf. [T7|, [TH], c G Ck{T) is pure if and only if Suppc coincides 
with an AS set (up to a set of dimension smaller than k) . For T compact this means that 
c is pure if and only if c can be represented by an arc-symmetric set. By [22], if dimT = k 
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then every semialgebraically constructible function (/? : T ^ 2 Z is Nash constructible. 
RenceMoCk{T)=CkiT). 

The boundary operator preserves the Nash constructible filtration: 

dMpCk{T)cMpCkMT). 

Indeed, if c G Ck{T) is given by (13. 6p and dim Supp 93c,p < k., then 

(3.7) dc = {xeZ ; ipdcA^) i 2'^+PZ}, 

where i-Pdc^-p equals ^h^^Pcp for k odd and 2^¥'c,p for k even, c/. [22j . A geometric inter- 
pretation of this formula is as follows ; c/. [7J. Let Z be the Zariski closure of Suppc, so 
dimZ = A: if c 7^ 0. Let W be an algebraic subset of Z such that diml^ < k and ip^^p is 
locally constant on Z \ W . At a generic point x of W , we define dw^c,p{x) as the average 
of the values of (pc,p on the local connected components oi Z\W aX x. It can be shown 
that dw'-Pc,p{x) is generically Nash constructible in dimension k — 1. (For k odd it equals 
{^Aifc^lw and for k even it equals {^Qipc^lw', cf. [22].) 
We say that a square in Xj^s 

S ->T 

(3.8) 

5 A T 

is acyclic if i is a closed inclusion, S = vr^^ (y) and the restriction of vr is a homeomorphism 

f\S^T\S. 

Theorem 3.6. The functor A/'C* : Xj[s -^ C, defined on the category Xji,s of locally 
compact AS sets and continuous proper maps with AS graphs, satisfies: 

(1) For an acyclic square (13. 8p the sequences 

^ MpCk{S) ^ NpCk{S) ®NpCk{f) ^ NpCk{T) ^ 

MpCkjS) JVpCkjS) MpCkjf) MpCkjT) 

" AAp_iCfe(S) " A/'p-iCfc(5) ^ Mp-iCk{f) " A/'p-iC,(r) ^ 

are exact. 

(2) For a closed inclusion S CT, the restriction to U = T\S induces a morphism of 
filtered complexes NC^,{T) — > AfC^{U), and the sequences 

^ MpCkiS) ^ MpCkiT) ^ A/'pCfc(C/) ^ 
MpCkjS) MpCkjT) MpCkjU) 

^ Mp-iCk{S) ^ A/'p-iCfc(r) ^ A/'p_iCfc(C/) ^ 

are exact. 

Proof. We first show that A/'C,, is a functor; that is, for a proper morphism / : T — > 5, 
f*MpCk(T) C MpCk{S). Let c G J\fpCk{T) and let (/9 = 99c,p be a Nash constructible 
function on T satisfying (j3.6p (up to a set of dimension < k). Then 

Ac={yG5; /,(^)(y)^2'=+P+iZ}; 

that is, (/j/,c,p = f*<fc,p- 

For a closed inclusion S C T, the restriction to [/ = T \ S" of a Nash constructible func- 
tion on T is Nash constructible. Therefore the restriction defines a morphism A/'C* (T) — > 
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J\fC^,{U). The exactness of the first sequence of (2) can be verified easily by direct com- 
putation. We note, moreover, that for fixed k the morphism 

M.Ck{T) ^ M,Ck{U) 

splits (the splitting does not commute with the boundary), by assigning to c G J\fpCk{U) 
its closure c € CkiT). Let (^ : T — > 2^~^p'L be a Nash constructible function such that 
'^\t\s = 'fc^p- Then c = {x ^T \ {It — '^s)v{^) ^ 2'^+p+^Z} up to a set of dimension < k. 
The exactness of the second sequence of (2) and the sequences of (1) now follow by 
standard arguments. (See the proof of Theorem 12.71 ) D 

3.4. The Nash constructible filtration for Nash manifolds. A Nash function on 
an open semialgebraic subset U of M is a real analytic semialgebraic function. Nash 
morphisms and Nash manifolds play an important role in real algebraic geometry. In 
particular a connected component of compact nonsingular real algebraic subset of M" is a 
Nash submanifold of M in the sense of ^ (2.9.9). Since MP" can be embedded in M 
by a rational diffeomorphism ([3], [5] (3.4.2)) the connected components of nonsingular 
projective real algebraic varieties can be considered as Nash submanifolds of affine space. 
By the Nash Theorem (c/. j5j 14.1.8), every compact C°° manifold is C°°-diffeomorphic 
to a Nash submanifold of an affine space, and moreover such a model is unique up to 
Nash diffeomorphism ([5j Corollary 8.9.7). In what follows by a Nash manifold we mean 
a compact Nash submanifold of an affine space. 

Compact Nash manifolds and the graphs of Nash morphisms on them are AS sets. 
If A^ is a Nash manifold, the Nash constructible filtration is contained in the canonical 
filtration, 

(3.9) MpCk{N) C F-"Cfc(iV), 

since dk{M-.kCk{N)) = 0. Thus on the category of Nash manifolds and Nash maps have 
a morphism of functors 

r:AAC, ^F™"a. 
Theorem 3.7. For every Nash manifold N , 

t{N) : MC,{N) ^ F'^'^'CiN) 
is a filtered quasi-isomorphism. 
Proof. We show that for all p and k, t{N) induces an isomorphism 

(3.10) n : Hk{MpC4N)) ^ HkiF^'^^'CiN)). 

Then, by the long exact homology sequences of {J\fpC^{N),J\fp_iC^{N)) and (F^""C*(A^), 

MpC.jN) \ (f;'^-C.{N)\ 

T* . -tik \ -r? ^ ..^x -^ iik 



Mp-iC,{N)) \f;i\c,{n)j 

is an isomorphism, which shows the claim of the theorem. 

We proceed by induction on the dimension of A^. We call a Nash morphism vr : A ^ A 
a Nash multi-blowup if tt is a composition of blowups along nowhere dense Nash subman- 
ifolds. 
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Proposition 3.8. Let N, N' be compact connected Nash manifolds of the same dimension. 
Then there exist multi-blowups n : N ^^ N, a : N' ^ N' such that N and N' are Nash 
diffeomorphic. 



Proof. By a theorem of Mikhalkin |24j . |25j Proposition 2.6, any two connected closed 
C°° manifolds of the same dimension can be connected by a sequence of C°° blowups and 
and then blowdowns with smooth centers. We show that this C°° statement implies an 
analgous statement in the Nash category. 

Let M be a closed C°° manifold. By the Nash-Tognoli Theorem there is a nonsingular 
real algebraic set X, a fortiori a Nash manifold, that is C°°-diffeomorphic to M. Moreover, 
by approximation by Nash mappings, any two Nash models of M are Nash diffeomorphic; 
see [5] Corollary 8.9.7. Thus in order to show Proposition 13.81 we need only the following 
lemma. 

Lemma 3.9. Let C <Z M be a C°° submanifold of a closed C°° manifold M . Suppose 
that M is C°°- diffeomorphic to a Nash manifold N . Then there exists a Nash submanifold 
D C N such that the blowups Bl{M,C) of M along C and Bl{N,D) of N along D are 
C^ -diffeomorphic. 

Proof. By the relative version of Nash-Tognoli Theorem proved by Akbulut-King and 
Benedetti-Tognoli (see for instance [5] Remark 14.1.15), there is a nonsingular real alge- 
braic set X and a C°° diffeomorphism ip : M ^> X such that Y = (p{C) is a nonsingular 
algebraic set. Then the blowups Bl{M,C) of M along C and Bl{X,Y) of X along Y 
are C°°-diffeomorphic. Moreover, since X and A'^ are C°°-diffeomorphic, they are Nash 
diffeomorphic by a Nash diffeomorphism ip : X ^ N. Then Bl{X,Y) and Bl{N,ip{Y)) 
are Nash diffeomorphic. This proves the Lemma and the Proposition. D 

Lemma 3.10. Let N be a compact connected Nash manifold and let tt : N ^ N denote 
the blowup of N along a nowhere dense Nash submanifold Y . Then t(N) is a quasi- 
isomorphism if and only if t{N) is a quasi-isomorphism. 

Proof. Let Y = ir^^iY) denote the exceptional divisor of it. For each p consider the 
diagram 

-^ Hk+i{MpC,{N)) -^ Hk{MpC,{Y)) -> Hk{MpC,{Y)) ® Hk{MpC,{N)) -> 



->i7fc+i(F-"C,(iv)) ->i/fc(Fp-"c,(y)) ->/7fc(F-"c,(y))ei?fc(F-"a(7V)) -> 

The top row is exact by Theorem 13.61 For all manifolds A^ and for all p and k, we have 

[0 k < -p, 

so the short exact sequences p.3p give that the bottom row is exact. The lemma now 
follows from the inductive assumption and the Five Lemma. D 

Consequently it suffices to show that t{N) is a quasi-isomorphism for a single connected 
Nash manifold of each dimension n. We check this assertion for the standard sphere S" 
by showing that 

nf\rnfQn\\ fHkiS'') if k = OoTn and p>-k 
Bk[MpC*[b )) = < 

U otherwise. 
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Let c € MpCkiS''''), k < n, he a cycle described as in (I3.6|) by the Nash constructible 
function if^^p : Z -^ 2^PZ, where Z is the Zariski closure of Suppc. Then c can be 
contracted to a point. More precisely, choose p € S"" \ Z. Then S"" \ {p} and M" are 
isomorphic. Define a Nash constructible function <1> : Z x M — > 2^^+^Z by the formula 

[O otherwise. 

Then 

c X [0, 1] = {{x, t) eZ xR; <^{x, t) i 2''+p+'^Z}; 

so c X [0, 1] G AfpCk+i{Z X M). The morphism / : Z x M ^ M", /(x, t) = tx, is proper and 
for /c > 

5/,(cx[0,l])=A(acx[0,l]) = c, 

which shows that c is a boundary in A/'pC*(5"). If /;: = then df^{cx [0, 1]) = c— (degc)[0]. 

If c G J\fpCn{S^) is a cycle, then c is a cycle in Cn{S^); that is, either c = or c = [S"]. 

This completes the proof of Theorem 13.71 D 

3.5. Consequences for the weight filtration. 

Corollary 3.11. For every real algebraic variety X the localization of t induces a quasi- 
isomorphism t'{X) : MC:,{X) -^ WC:,{X). 

Proof. Theorem 13 . 61 yields that the functor 7VC* : Schc(M) — > HoC satisfies properties (1) 
and (2) of Theorem ll.il Hence Theorem 13.71 and Theorem 11.31 give the desired result. D 

Corollary 3.12. Let X be a real algebraic variety. Then for all p and k, MpC^iX) = 
GpCk{X). 

Proof. We show that the Nash constructible filtration satisfies properties (1) and (2) of 
Theorem 12.11 This is obvious for property (1). We show property (2). Let c = 7r~^(c). 
First we note that 

c^NpCk{X)^c^MpCk{X). 

Indeed, (<^) follows from functoriality, since c = 7r^,(c). If c is given by (j3.ip then T:*{(pc^p) 
is Nash constructible and describes c. Thus it suffices to show 

c e NpCk{X) ^dce NpCk-i{X) 

for p > —k, with the implication (^) being obvious. If p = —k then each cycle is arc- 
symmetric. (Such a cycle is a union of connected components of X, since X is nonsingular 
and compact.) For p > —k suppose, contrary to our claim, that 

ceMpCkiX)\Mp-iCk{X) and dc £ Mp-iCk-i{X). 

By Corollary 13.111 and Proposition 11.71 

and c has to be a relative boundary. But dimX = k and Ck+i{X) = 0. This completes 
the proof. D 
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4. Applications to real algebraic and analytic geometry 

Algebraic subsets of affine space, or more generally Z-open or Z-closed afRne or projec- 
tive sets in the sense of Akbulut and King [3j, are AS sets. So are the graphs of regular 
rational mappings. Therefore Theorems 13.61 and 13.71 give the following result. 

Theorem 4.1. The Nash constructible filtration of closed semialgebraic chains defines a 
functor from the category of affine real algebraic sets and proper regular rational mappings 
to the category of bounded chain complexes of Z2 vector spaces with increasing bounded 
filtration. 

This functor is additive and acyclic; that is, it satisfies properties (1) and (2) of Theorem 
\3.b\ and it induces the weight spectral sequence and the weight filtration on Borel-Moore 
homology with coefficients in Z2. 

For compact nonsingular algebraic sets, the reindexed weight spectral sequence is pure: 
Elg = Oforp>0. 

For the last claim of the theorem we note that every compact affine real algebraic set that 
is nonsingular in the sense of ^ and [5] admits a compact nonsingular complexification. 
Thus the claim follows from Theorem 13.71 

The purity of E^ implies the purity of E^: E?^ = for p > 0. Consequently every 
nontrivial homology class of a nonsingular compact affine or projective real algebraic 
variety can be represented by a semialgebraic arc-symmetric set, a result proved directly 
in [ini and [TO]. 

Remark 4.2. Theorem 13.61 and Theorem 13.71 can be used in more general contexts. A 
compact real analytic semialgebraic subset of a real algebraic variety is an AS set. A 
compact semialgebraic set that is the graph of a real analytic map, or more generally 
the graph of an arc-analytic mapping (c/. [19]), is arc-symmetric. In section [531 we have 
already used that compact affine Nash manifolds and graphs of Nash morphisms defined 
on compact Nash manifolds are arc-symmetric. 

The weight filtration of homology is an isomorphism invariant but not a homeomorphism 
invariant; this is discussed in [23] for the dual weight filtration of cohomology. 

Proposition 4.3. Let X and Y be locally compact AS sets, and let f : X ^> Y be a 
homeomorphism with AS graph. Then /* : J\fC\{X) -^ MC^iY) is an isomorphism of 
filtered complexes. 

Consequently, f^, induces an isomorphism of the weight spectral sequences of X and Y 
and of the weight filtrations of H^{X) and H^{Y). Thus the virtual Betti numbers ()1.4p 
of X and Y are equal. 

Proof. The first claim follows from the fact that MC-f : Xji^s ^ C is a functor; see the 
proof of Theorem 13.61 The rest of the proposition then follows from Theorem 13.61 and 
Theorem [321 □ 

Remark 4.4. Propostion 14.31 applies, for instance, to regular homeomorphisms such as 
/ : M — > M, /(x) = x'^. The construction of the virtual Betti numbers of [23j was extended 
to AS sets by G. Fichou in [TO], where their invariance by Nash diffeomorphism was shown. 
The arguments of [23] and [TO] use the weak factorization theorem of [1]. 
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4.1. The virtual Poincare polynomial. Let X be a locally compact AS set. The 
virtual Betti numbers give rise to the virtual Poincare polynomial 

(4.1) PiX) = ^P,iX)f. 

i 

For real algebraic varieties the virtual Poincare polynomial was first introduced in [23] . For 
AS sets, not necessarily locally compact, it was defined in [10]. It satisfies the following 
properties (see [23], [TO]): 

(1) Additivity: For finite disjoint union X = UXj, I3{X) = ^(3{Xi). 

(2) Multiplicativity: (3{X xY) = (3{X) ■ /3(y). 

(3) Degree: For X / 0, deg/?(X) = AivaX and the leading coefficient I3{X) is strictly 
positive. 

(If X is not locally compact we can decompose it into a finite disjoint union of locally 
compact AS sets X = UXj and define I3{X) = ^ (3{Xi).) 

We say that a function X -^ e(X) defined on real algebraic sets is an invariant if it 
an isomorphism invariant, that is e{X) = e{Y) if X and Y are isomorphic (by a biregular 
rational mapping). We say that e is additive, resp. multiplicative, if e takes values in an 
abelian group and e{X \Y) = e{X) — e{Y) for all Y d X, resp. e takes values in a ring 
and e{X x y) = e{X)e{Y) for all X,Y. The following theorem states that the virtual 
Betti polynomial is a universal additive, or additive and multiplicative, invariant defined 
on real algebraic sets (or real points of real algebraic varieties in general), among those 
invariants that do not distinguish Nash diffeomorphic compact nonsingular real algebraic 
sets. 

Theorem 4.5. Let e he an additive invariant defined on real algebraic sets. Suppose that 
for every pair X, Y of Nash diffeomorphic nonsingular compact real algebraic sets we have 
e{X) = e{Y). Then there exists a unique group homomorphism hg : Z[t] — > G such that 
e = he o p. If, moreover, e is multiplicative then h^ is a ring homomorphism. 

Proof Define /i(t") = e(M"). We claim that the additive invariant (p{X) = h{p{X))-e{X) 
vanishes for every real algebraic set X. This is the case for X = M" since /3(M"') = t". 
By additivity, this is also the case for S" = M" U pt. By the existence of an algebraic 
compactification and resolution of singularities, it suffices to show the claim for compact 
nonsingular real algebraic sets. 

Let X be a compact nonsingular real algebraic set and let X be the blowup of X along 
a smooth nowhere dense center. Then, using induction on dimX, we see that fiX) = 
if and only if f{X) = 0. By the relative version of the Nash-Tognoli Theorem, the same 
result holds if we have that X is Nash diffeomorphic to the blowup of a nowhere dense Nash 
submanifold of X. Thus the claim and hence the first statement follows from Mikhalkin's 
Theorem. D 



Following earlier results of Ax and Borel, K. Kurdyka showed in [18] that any regular 
injective self-morphism / : X — > X of a real algebraic variety is surjective. It was then 
showed in [27] that an injective continuous self-map / : X ^ X of a locally compact 
AS set, such that the graph of / is an AS set, is a homeomorphism. The arguments of 
both [18] and [27] are topological and use the continuity of / in essential way. The use of 
additive invariants allows us to handle the non-continuous case. 

Theorem 4.6. Let X be an AS set and let f : X —> X be a map with AS graph. If f is 
injective then it is surjective. 



22 CLINT MCCRORY AND ADAM PARUSINSKI 

Proof. It suffices to sfiow tliat there exists a finite decomposition X = UXi into locally 
compact AS sets such that for each i, f restricted to Xi is a homeomorphism onto its 
image. Then, by Corollary 14.31 

P{X \ Uif{X,)) = p{X) - Y, PiXi) = 0, 

i 

and hence, by the degree property, X \ Uj/(Xj) = 0. 

To get the required decomposition first we note that by classical theory there exists 
a semialgebraic stratification of X = USj such that / restricted to each stratum is real 
analytic. We show that we may choose strata belonging to the class AS. (We do not 
require the strata to be connected.) By [18], [27], each semialgebraic subset ^ of a real 
algebraic variety V has a minimal AS closure in V, denoted A . Moreover if A is AS 
then dim^ \A < dim A. Therefore, we may take as the first subset of the decomposition 
the complement in X of the AS closure of the union of strata Sj of dimension < dimX, 
and then proceed by induction on dimension. 

Let X = USj be a stratification with AS strata and such that / is analytic on each 
stratum. Then, for each stratum Sj, we apply the above argument to f~^ defined on f{Sj). 
The induced subdivision of f{Sj), and hence of Sj, satisfies the required property. D 

Of course, in general, surjectivity does not apply injectivity for a self-map. Nevertheless 
we have the following result. 

Theorem 4.7. Let X be an AS set and let f : X ^ X be a surjective map with AS 
graph. Suppose that there exist a finite AS decomposition X = UYi and AS sets Fi such 
that for each i, f~^{Yi) is homeomophic to Yi x Fi by a homeomorphism with AS graph. 
Then f is injective. 

Proof. We have 

= PiX) - PifiX)) = ^ /3(y,)(/3(F,) - 1). 

Then for each i, f3{Fi) — 1 = 0, otherwise the polynomial on the right-hand side would be 
nonzero with strictly positive leading coefficient. D 

4.2. Application to spaces of orderings. Let V be an irreducible real algebraic subset 
of M . A function 99 : 1/ ^ Z is called algebraically constructive if it satisfies one of the 
following equivalent properties (c/. [22], [25]): 

(1) There exist a finite family of proper regular morphisms /j : Zj — 5> V , and integers 
rui, such that for all x G F, 

(4.2) ^{x) = Y,mix{f^\x)nZ,). 

i 

(2) There are finitely many polynomials Pi E IR[xi . . . , xn] such that for all x ^V , 

^(x) = ^sign Pi{x). 

i 

Let K = K(y) denote the field of rational functions of V . A function ip : V ^f "L 
is generically algebraically constructible if and only if can be identified, up to a set of 
dimension smaller dimF, with the signature of a quadratic form over K. Denote by X 
the real spectrum of K. A (semialgebraically) constructible function on V , up to a set 
of dimension smaller dimV, can be identified with a continuous function 99 : A:' — > Z ([5] 
ch. 7, [21], [6]). The representation theorem of Becker and Brocker gives a fan criterion 
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for recognizing generically algebraically constructible function on V. The following two 
theorems are due to I. Bonnard. 

Theorem 4.8. ([6j) A constructible function Lp : V ^ % is generically algebraically 
constructible if and only for any finite fan F of X 

(4.3) ^<f{a)=0 mod |F|. 

For the notion of a fan see [5] ch. 7, pi], [6j. The number of elements \F\ of a finite 
fan F is always a power of 2. It is known that for every finite fan F of X there exists a 
valuation ring Bp of K compatible with F, and on whose residue field the fan F induces 
exactly one or two distinct orderings. Denote by J^ the set of these fans of K for which 
the residue field induces only one ordering. 

Theorem 4.9. ([7J) A constructible function (^ : y — s- Z is generically Nash constructible 
if and only if (14. 3p holds for every fan F £ J^. 



The following question is due to M. Coste and M. A. Marshall ([21] Question 2): 

Suppose that a constructible function 93 : y — > Z satisfies ()4.3p for every fan F of K with 
\F\ < 2". Does there exists a generically algebraically constructible function ip : V ^ Z 
such that for each x G V , ip{x) — ^{x) = mod 2" ? 

We give a positive answer to the Nash constructible analog of this question. 

Theorem 4.10. Suppose that a constructible function (/? : 1/ — > Z satisfies (|4.3|) for every 
fan F G T with \F\ < 2". Then there exists a generically Nash constructible function 
^ : V ^ Z such that for each x (zV , ip{x) — ip{x) = mod 2". 

Proof. We proceed by induction on n and on A; = dim V. The case n = is trivial. 

Suppose if : V ^ 7j satisfies (14. 3 p for every fan F G T with \F\ < 2", n > 1. By 
the inductive assumption, tp is congruent modulo 2"~^ to a generically Nash constructible 
function V'n-i- By replacing c^ by c^ — ipn-i, we may suppose 2""-*^ divides if. 

We may also suppose V compact and nonsingular, just choosing a model for K = 
K(y). Moreover, by resolution of singularities, we may assume that (/? is constant in the 
complement of a normal crossing divisor D = \J Di C V. 

Let c be given by ()3.6p with (^c,p = ^ and p = n — k — 1. At a generic point x of Di 
define doiP^ix) as the average of the values of (p on the local connected components of 
V \ D at X. Then dc = Y^^ diC, where diC is described by doif as in (j3.7p (see [7]). Note 
that the constructible functions doi^p satisfy the inductive assumption for n — 1. Hence 
each d^if is congruent to a generically Nash constructible function modulo 2"~^. In other 
words dc G MpCk-i{V). Then by Corollarv 13.121 we have c G MpCk{V), which implies the 
statement of the theorem. D 

Using Corollary 13.121 we obtain the following result. The original proof was based on 
the fan criterion (Theorem! 



Proposition 4.11. (^) Let V C M^ be compact, irreducible, and nonsingular. Suppose 
that the constructible function ip : V ^ Z is constant in the complement of a normal 
crossing divisor D = \jDi C V. Then (p is generically Nash constructible if and only if 
do'-P is generically Nash constructible. 
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Proof. We show only (<^). Suppose 2 "^^jy? generically, where k = diuiV, and let c be 
given by ()3.6p with ipc^p = ip. Then by our assumption dc G MpCk-i{V). By Corollary l3.12l 
we have c G J\fpCk{V), which shows that, modulo 2^^p~^^, ip coincides with a generically 
Nash constructible function ip. Then we apply the same argument to if — ip. D 

Remark 4.12. We note that the above Proposition implies neither Theorem l4.10l nor Corol- 
lary 13.121 Similarly the analog of Proposition 14.111 proved in [6] , does not give an answer 
to Coste and Marshall's question. 

5. The toric filtration 

In their investigation of the relation between the homology of the real and complex 
points of a toric variety [Ij, Bihan et al. define a filtration on the cellular chain complex 
of a real toric variety. We prove that this filtered complex is quasi-isomorphic to the 
semialgebraic chain complex with the Nash constructible filtration. Thus the toric filtered 
chain complex realizes the weight complex, and the real toric spectral sequence of [4] is 
isomorphic to the weight spectral sequence. 

For background on toric varieties see [iTj . We use a simplified version of the notation of 
[3]. Let A be a rational fan in M", and let X/\ be the real toric variety defined by A. The 
group T = (M*)" acts on X/\, and the /c-dimensional orbits O^ of this action correspond 
to the codimension k cones o" of A. 

The positive part X^ of X^ is a closed semialgebraic subset of X^, and there is a 
canonical retraction r : X/\ —f X^ that can be identified with the orbit map of the action 
of the finite group T = (S'O)" on Xa, where 5° = {-1,+1} C R*. The T-quotient of 
the A;-dimensional T-orbit Oa- is a semialgebraic k-cell c^ of X^, and O^ is a disjoint 
union of /c-cells, each of which maps homeomorphically onto c^ by the quotient map. 
This decomposition defines a cell structure on Xa such that X^ is a subcomplex and the 
quotient map is cellular. Let C*(A) be the cellular chain complex of Xa with coefficients in 
Z2. The closures of the cells of Xa are not necessarily compact, but they are semialgebraic 
subsets of Xa . Thus we have a chain map 

(5.1) a:C7,(A)^C,(XA) 

from cellular chains to semialgebraic chains. 

The toric filtration of the cellular chain complex C^=(A) is defined as follows [^. For 
each /c > we define vector subspaces 

(5.2) = T_fc_iCfc(A) c r_fcCfc(A) c T_,,+iCfc(A) c • • • C ToCfc(A) = Cfc(A), 

such that dk{TpCk{/^)) C '7^Cfc_i(A) for all k and p. 

Let C7 be a cone of the fan A, with codimo" = k. Let Ck{o') be the subspace of Cfc(A) 
spanned by the fe-cells of Co- ■ Then 

CkiA) = Ckia). 

codim a = k 

The orbit Oo- has a distinguished point Xo- € Co- C X^ . Let T^ = T /T^" , where T^" is the 
T-stabilizer of x^. We identify the orbit T ■ x^ with the multiplicative group T„. Each k- 
cell of Oa contains a unique point of the orbit T ■ x^- Thus we can make the identification 
Ck{o') = Co{T(j), the set of formal sums X^jflibi], where Oj G Z2 and gi G T^. The 
multiplication of T^ defines a multiplication on Co (To-), so that Co{Ta) is just the group 
algebra of T^ over Z2 . 
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Let Xf, be the augmentation ideal of the algebra Co (To-), 

2:o = Ker[e:Co(ro)^Z2], 

i i 

For p < we define TpCk{cr) to be the subspace corresponding to the ideal (Tg-)^^ C 
Co{T„), and we let 

TpCfc(A) = Yl %Ck{a). 

codim a = k 

If cr < T in A and codim r = codim cr — 1, the geometry of A determines a group 
homomorphism (pra '■ T^ ^ Tr (see [i\). Let dra '■ Ckicr) —i- Cjfc_i(r) be the induced algebra 
homomorphism. We have drai^a) C Ir- The boundary map dk ■ Cfc(A) — > Ck~i{A) is 
given by dk{cr) = J2t draiT), and dk{TpCk{^)) C '7^Cfc_i(A), so 7^(7*(A) is a subcomplex 
ofC7,(A). 

Proposition 5.1. For allk >0 andp < 0, the chain map a \5. 1\) takes the toric filtration 
(ElJ to the Nash filtration i TO) . 

Q(TpC7fc(A))cA/;Cfc(XA). 

Proof. It suffices to show that for every cone cr € A with codim o" = k, 

a{TpCkia)) C AfpCkiO^). 

The variety Oo- is isomorphic to (M*) , the toric variety of the trivial fan {0} in M , and 
the action of To- on Oo- corresponds to the action of T^ = {—1, +1}'^ on (M*)'^. The A;-cells 
of (M*)'^ are its connected components. Let X^ C Co{Ti^) be the augmentation ideal. Let 
q = —p, so < q < k. The vector space Co(rfc) has dimension 2^, and for each q the 
quotient Ii/I'i^^ has dimension ( ) . A basis for T'^/T'^+^ can be defined as follows. Let 
ti, . . . , tfc be the standard generators of the multiplicative group T^, 

ti ^ [til J • • • ) Hfej) tij ^ \ 

[+1 ^7^j 
If S C {1, . . . , fc}, let r^ be the subgroup of T^ generated by {ij ; i G S}, and define 
[Ts] G Coin) by 

[Ts] = Y.it]. 

Then {[Ts] ; |5| = g} is a basis for Ii/Ii+^ (see 0]). 

To prove that a{{Ik)'^) C A/'_gCfc((M*)'^) we just need to show that if \S\ = q then 
a{[Ts]) G 7V_<;Cfc((R*)'=). Now the chain a{[Ts]) G Cfe((M*)'') is represented by the semi- 
algebraic set ^5 C (M*)'^, 

As = {{xi,...,Xk) ; Xi>0, i ^ S}, 

and (p = 2 '^Ias is Nash constructible. To see this consider the compactification (P"'^(M)) 
of (M*)^ We have tp = (^|(M*)^ where ip = /*l(pi(R))fc, with / : (pi(M))'^ -^ (pi(M))'= 
defined as follows. U z = {u : v) £ P^(M), let fi{z) = (n : v), and f2{z) = {u^ : v^). Then 

ff , , , jfM) ^es 

f{zl,...,Zk) = {wl,...,Wk), Wi= < 

This completes the proof. D 
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Lemma 5.2. Let a be a codimension k cone of A, and let 

jCkia) i = k 



For all p<0, 



is an isomorphism. 



CM) , 

i^k 



a, : H^TpCM)) ^ H,{AfpC,{0^)) 



Proof. Again we only need to consider the case Oa = (M*) , where a is the trivial cone 
in M". Now 

[0 I f= k 

and 

..(c.((«-,'„^{--' ;;; 

where dk : Cfc((lR*)'^) -^ Cfc„i((]R*)'^). The vector space Ker^fc has basis the cycles 
represented by the components of (R*)^, and a : Cfc(O) —f Cfc((M*)'') is a bijection from 
the cells of Cfc(O) to the components of (R*) . Thus a : Ck{0) — > Ker 9^ is an isomorphism 
of vector spaces. Therefore a takes the basis {As ; |5| = q}q=o^...,k to a basis of Kerdk- 
The proof of Proposition 15.11 shows that if l^l > q then As € A/'_gCfc((R*) ). We claim 
further that if \S\ < q then As ^ M-gCk{{M.*)^). It follows that {As ; IS"] > g} is a basis 
for Hk{N_gC4(R*)''), and so 

is an isomorphism, as desired. 

To prove the claim, it suffices to show that if As is the closure of As in R", then As ^ 
A/'_gCfc((R*)^). We show this by induction on k. The case A; = 1 is clear: If ^ = {x ; x > 0} 
then A ^ A/'_iCi(R) because dA / 0. In general As = {{xi,... ,Xk) ; Xi > 0,i ^ S}. 
Suppose As is (— (7)-Nash constructible for some q > \S\. Then there exists (p -.M. —f 2 '^Z 
generically Nash constructible in dimension k such that 

As = {x£R'' ; ifix) ^ 2''"'+^Z}, 

up to a set of dimension < k. Let j ^ S, and let Wj = {{xi, . . . ,Xk) ; Xj = 0} = R'^~^. 
Then dw,^ ■ Wj -^ l^-'i-^TL, and As n Wj = {x G Wj ; dw.'-pix) ^ 2'="'?^}, up to a set of 
dimension <k — \. Hence As fl Wj G M-qCk-\{Wj). But Ag n Wj = {{x, . . . , Xk) ; Xj = 
0, Xj > 0, i ^ 5}, and so by inductive hypothesis As n Wj ^ A/'_gCfc_i(iyj), which is a 
contradiction. D 

Lemma 5.3. For every toric variety X/^ and every p < 0, 

a, : H^TpCiA)) -^ H,{MpC,{X^)) 

is an isomorphism. 

Proof. We show by induction on orbits that the lemma is true for every variety Z that is 
a union of orbits in the toric variety X^- Let S be a subset of A, and let S' = S \ {o'}, 
where o" G S is a minimal cone, i. e. there is no r G S with t < a. Let Z, resp. Z', be 
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the union of the orbits corresponding to cones in S, resp. S'. Then Z' is closed in Z, and 
Z \Z' = Oa- We have a commutative diagram with exact rows: 

•■■ -> H^iTpCi^')) -^ H,{%C,{T.)) -* HiiTpC,{a)) -> F,_i(Tpa(S')) -^••• 

By Lemma [5. 31 g, is an isomorphism for all i. By inductive hypothesis Pi is an isomorphism 
for all i. Therefore ji is an isomorphism for all i. D 

Theorem 5.4. For every toric variety X^ and every p < 0, 

/ TpC^jA) \ ( a/;c.(Xa) \ 

is an isomorphism. 

Proof. This follows from Lemma 15.31 and the long exact homology sequences of the pairs 
(rpa(A),Tp_ia(A)) and {MpC4XA),Mp^ia{XA)). □ 

Thus for every toric variety X/\ the toric filtered complex TC*(A) is quasi-isomorphic 
to the Nash constructible filtered complex MC^ (Xa ) , and so the toric spectral sequence 
[3] is isomorphic to the weight spectral sequence. 

Example 5.5. For toric varieties of dimension at most 4, the toric spectral sequence 
collapses ([1], [33]). V. Hower [15] discovered that the spectral sequence does not collapse 
for the 6-dimensional projective toric variety associated to the matroid of the Fano plane. 



6. Appendix: Semialgebraic chains 

In this appendix we denote by X a locally compact semialgebraic set {i.e. a semialge- 
braic subset of the set of real points of a real algebraic variety) and by C*(X) the complex 
of semialgebraic chains of X with closed supports and coefficients in Z2. The complex 
C\{X) has the following geometric description, which is equivalent to the usual definition 
using a semialgebraic triangulation ([5] 11.7). 

A semialgebraic chain c of X is an equivalence class of closed semialgebraic subsets of X. 
For A; > 0, let Sk{X) be the Z2 vector space generated by the closed semialgebraic subsets 
of X of dimension < k. Then Ck{X) is the Z2 vector space obtained as the quotient of 
Sk{X) by the following relations: 

(1) If A and B are closed semialgebraic subsets of X of dimension at most k, then 

A + B '^cl{A^B), 

where A ^ B = (AU B)\(Ari B) is the symmetric difference of A and B, and cl 
denotes closure. 

(2) If j4 is a closed semialgebraic subset of X and dim A < k, then j4 ~ 0. 

If the chain c is represented by the semialgebraic set A, we write c = [A]. If c G Ck{X), 
the support of c, denoted Supp c, is the smallest closed semialgebraic set representing c. 
If c = [A] then Suppc = {x £ A ; dim^. A = k}. 

The boundary operator dk '. Ck{X) — > Ck-i{X) can be defined using the link operator 
A on constructible functions [22j. If c £ Cfc(A) with c = [A], then d^c = [dA], where 
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dA = {x £ A ; Alyi(x) = 1 (mod 2)}. The operator dk is well-defined, and dk-idk = 0, 
since A o A = 2A. 

If / : X — > y is a proper continuous semialgebraic map, the pushforward homomorphism 
/* : Ck{X) -^ Ck(y) is defined as follows. Let ^ be a representative of c. Then f{A) ~ 
Bi + - ■ ■ + Bi, where each closed semialgebraic set Bi has the property that ^{Ar\ f~^{y)) 
is constant mod 2 on i?, \ B[ for some closed semialgebraic set Bi C Bi with dimi?^ < k. 
For each i let rii G Z2 be this constant value. Then /*(c) = ni[i?i] + • • • + ni[Bi\. 

Alternately, /*(c) = [5], where B = c\{y G y ; /*lyi(y) = 1 (mod 2)}, and /.j is 
pushforward for constructible functions [22]. From this definition it is easy to prove the 
standard properties g^,f^, = (gf)* and dkf* = f*dk- 

We use two basic operations on semialgebraic chains: restriction and closure. These 
operations do not commute with the boundary operator in general. 

Let c € Ck{X) and let Z C X be a locally closed semialgebraic subset. If c = [A], we 
define the restriction by c\z = [Af] Z] (^ Ck{Z). This operation is well-defined. If U is an 
open semialgebraic subset of X, then dk{c\i/) = {dkc)\ir. 

Now let c € Ck{Z) with Z d X locally closed semialgebraic. If c = [A\ we define 
the closure by c = [cl(A)] G Cfc(A'), where cl(^) is the closure of A in X. Closure is a 
well-defined operation on semialgebraic chains. 

By means of the restriction and closure operations, we define the pullback of a chain in 
the following situation, which can be applied to an acyclic square (|1.2p of real algebraic 
varieties. Consider a square of locally closed semialgebraic sets. 



Y ^ X 

such that vr : X — > X is a proper continuous semialgebraic map, i is the inclusion of a 
closed semialgebraic subset, Y = 7r~^(y), and the restriction of vr is a homeomorphism 
t:' : X\Y ^ X\Y. Let c G Ck{X). We define the pullback -k'^c G Cfc(^) by the formula 



vr-ic=((7r')-i)*(cU\y). 
Pullback does not commute with the boundary operator in general. 
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